A (weakly) Cartesian closed category is a category having finite products and exponentiation 1 . The statement says that any Cartesian closed category C with finite coproducts is distributive, that is, for any objects A, B,C , A × (B + C ) ∼ = (A × B) + (A × C ).
One arrow is easy to construct: consider the following commutative diagram
It immediately follows that there are two universal arrows to the product A × (B + C ): So, the newly constructed arrows form a co-product diagram, which enables to construct a co-universal arrow as below
is the first half of the isomorphism we are seeking. It should be noted that the construction of such an arrow does not require exponentiation.
The other side require exponentiation. In the first place, we have to prove that the product functor (A × −) is left adjoint to the exponentiation functor (−)
A .
To do this, we prove that A (B ×C ) ∼ = A B C by explicitly constructing the isomorphism. Consider the commutative diagram
Focusing on the top and the right arrows in the diagram, we notice an evident exponential object: we call α the obvious exponential transpose
Thus, the following diagram constructs another exponential transpose γ
Finally, we can construct the last exponential transpose δ as follows
It remains to prove that γ and δ are inverses to each other and thus isomorphisms, so A (B ×C ) ∼ = A B C . To this aim, let us consider the diagram:
where the arrows are named as before. Consider the arrow θ:
thus, by uniqueness of the exponential transpose, tr θ = γ, that is,
= ev 2 thus, by uniqueness of the exponential transpose, as before,
The functor
where tr( f • ev) is the exponential transpose of f • ev:
as it is immediate to see from the usual exponentiation diagram:
In the Hom-sets notation, Hom(A × B,C ) ∼ = Hom(A,C B ). But, in this respect, it is useful to explicitly construct the isomorphisms between the Hom-sets. Evidently, given an arrow g : A × B → C , the associated arrow becomes tr g .
In the other direction, given an arrow f : A → C B , we can construct the diagram:
Thus, the arrow θ associated to f is obtained by composition as in the diagram:
Of course, ∼ =1 and ∼ =3 come from the following diagram
and the dotted arrow has π 2 as an inverse, as it is immediate to show. So, we can finally construct the arrow
. This is done by explicitly redoing the proof of the dual of Proposition 3.2.2 in [Bor94] in the case of interest. Precisely, we prove that the functor (A × −) preserves the B + C co-product.
The B + C co-product corresponds to the diagram
So, the same diagram transformed via the (A × −) functor yields the co-cone
f f ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Consider any co-cone
Thus, by exponentiation, i.e., the right adjoint of (A × −),
O O So, the following is a co-cone
and, being B +C the co-product of B and C , we get the co-universal arrow r :
Applying the (A × −) functor to this diagram, and remembering that θ is the inverse of transpose, see diagram (5), we get
h h ◗ ◗ ◗ ◗ ◗ ◗ ◗ ◗ ◗ which shows that A × (B + C ) is the co-product of A × B and A × C . Thus the arrow A ×(B +C ) → (A ×B)+(A ×C ) is just the co-universal arrow of the A ×(B +C ) co-product, and it is evidently an inverse of the one synthesised in diagram (1), because co-products are unique up to isomorphisms.
